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Game Dynamics

Consider a two-player multi-stage game in extensive form

For each stage k € {1,2,..., K}

1. z : the node at which the game enters the kth stage
o 1} is called the state of a game at the kth stage

2. uy : the action of player P; at the kth stage

3. di : the action of player P at the kth stage
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Game Dynamics

Overall tree structure can be mathematically described as:

Tht1 = fr Th o, Uk dy,
—~— ~— ~—~ ~~ ~—
entry node at “dynamics” entry node Py’s action P»’s action
stage k + 1 at stage k at stage k at stage k at stage k

Vk e {1,2,..., K — 1} as shown
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Game Dynamics

Tree: a (connected) graph that has no cycles

e previous description allows for games that are more general
Example:

o games described by graphs that are not trees:

e games with infinitely many stages (K = 00);
e games with action spaces that are not finite sets.
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Game Dynamics

Games whose evolution is represented by an equation such as

Tht1 = fr Tk , Uk , dy;
—— ~—~ ~—~ ~—~ ~—~
entry node at “dynamics” entry node Py’s action Py’s action
stage k + 1 at stage k at stage k at stage k at stage k

Vk € {1,2,...,K — 1} are called dynamic games
e the equation is called the dynamics of the game.

State-space of the game: set X where state xj, takes values.

The outcome J; for a particular P;, ¢ € {1,2} in a multi-stage
game in extensive form is a function of

o state of the game at the last stage K, and

o actions taken by the players at this stage

Ji(rk,uk, dK)
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Game Dynamics

Game described by a graph that is not a tree

o different outcomes, depending on how one got to the end
Outcome J; may depend on all the decisions made by both
players from the start of the game:

Ji(ui-dhul; dla s, Uk, dk)

The dynamic game has a stage-additive cost when the
outcome J; to be minimized is written as

K

> gi(e, up, dy,)

k=1

When all gi = 0, except for the last g, the game is said to
have a terminal cost.
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Game Dynamics

When K = oo we have an infinite horizon game, in which case
the previous equation is really a series.
The outcome in

Ji(xK,UK, dK)

corresponds precisely to a terminal cost.
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Information Structures

Open-Loop (OL) dynamic games

Here, the Players
@ do not gain any information as the game is played
e other than the current stage

o must make their decisions solely based on a priori
information.

In terms of extensive form representation

@ each player has a single information set per stage, which
contains all the nodes for that player at that stage

TAMU-CC
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Information Structures

As in the game

1 2 3 4 5 6 7 8 9 100 11 12 13 14 15 16

Policies: represented as functions of the initial state x
When P; uses an OL policy 7O := {’leL,fyg)L, e [?L}, that

player sets

u =7 (1), uy = 795 (21), ug = Y5 (1)
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Information Structures

When P, uses an OL policy 0OV := {aPL o9V ... oQL), that
player sets

d1 = OL({L'l) d2 = OL(.Il) cee dK = UI(gL(CL'l)

OL policies are expressed as functions of a (typically fixed)
initial state

o this emphasizes that OL policies cannot depend on
information collected later in the game

In contrast to state-feedback games.

TAMU-CC
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Information Structures

(Perfect) state-feedback (FB) games:

Here, the Players

o know exactly the state x; of the game at the entry of the
current stage

@ can use this information to choose their actions uj and dj,
at that stage

However, they must make these decisions without knowing each
others choice (i.e., simultaneous play at each stage).

In terms of extensive form representation

e at each stage of the game there is exactly one information
set for each entry-point to that stage.

TAMU-CC
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Information Structures

As in the game

P,

Policies: represented as functions of the current state

When P; uses a FB policy 7B := {47'B 5B ... 4FB}, that
player sets

ml)v U2 :72FB('%2>7 uK:PY}:{B(xK)
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When P, uses a FB policy 0B := {¢TB 0B .. ,UE(B}, that
player sets

FB

1P (1), dy = 05" (x2), dg = o (TK)

dlZU]_

Now that we defined admissible sets of policies (i.e., action
spaces) and how these translate to outcomes through the
dynamics of the game, the general definitions introduced in
Lecture 9 specify unambiguously what is meant by a security
policy or a NE for these games.
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Continuous-Time Differential Games

Dynamic Games formulated in continuous time
@ state x(t) varies continuously with time on a given interval
t €10,
@ players continuously select actions u(t) and d(t) on [0, t],
which determine the evolution of the states.

If state z(t) is an n-vector of real numbers whose evolution is
determined by a differential equation, the game is called a
differential game.

We consider differential games with dynamics of the form

t) = f (& =z®) . w@) o, d) ), Vte[0,T]
state game time current Py’s action Py’s action
derivative dynamics state at time ¢ at time t

TAMU-CC
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Continuous-Time Differential Games

Each P;, € {1,2} wants to minimize a cost of the form

T
J; ::/0 gi(t,x(t),u(t),d(t))dt + qi(z(T))

final cost

cost along trajectory

Notation: when 7' = oo we have an infinite horizon game. The
final cost term is absent.

We also consider OL policies of the form

u(t) = vOL(t, 2(0)), d(t) = o9 (t, 2(0)), vt € [0,T]

and (perfect) FB policies of the form
u(t) =770 (t, 2 (1)), d(t) = o™ P(t, (1)), vt € [0,T]

TAMU-CC
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Continuous-Time Differential Games
depicted as

Example 14.1 (Zebra in the lake). Game is

RAAAAAAAN A
AANNAAAAAAAAAANAAN
NAAANAAANAAAN ] on
KAANAANAANAAAAANANANANAAANSSAN o
SANAANAAAAANAAANAA NANAAAAN
MAAAAAAAAAAAAAAAAAN on
. AAAAAAAN

P is a zebra that swims with a speed of vepr, in a circular

lake with radius R
P; is a lion that runs along the perimeter of the lake with

maximum speed of Viion > Vgebra
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Continuous-Time Differential Games

Notation:
® (Zzebra, Yzebra): the position of the zebra
@ O,chra: the orientation of the zebra

We have that

j;zebra = Ugzebra COS Hzebraa yzebra = Ugzebra sin ezebra; ezebra S [0; 277)

Notation:
@ Olion the angular position of the lion
® Wijon the angular velocity of the lion

We have that
Vlion Ulion

R’ R

elion = Wlion» Wlion €

TAMU-CC
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Continuous-Time Differential Games

Defining a state vector

l‘(t) = [-rzebra(t) yzebra(t) elion(t)]/
the equations

Tyebra = Uzebra COS Ozebras Uzebra = Uzebra SiNl Oebra, Osebra € [0, 27‘-)
A Vlion Vlion
elion = Wlion» Wlion € |— R 3 R
can be written as in
ity = f (L =@®) , w@® -, dit) ), Vte[0,T]
state game time current P;’s action Py’s action
derivative dynamics state at time t at time t
where the actions of the players are:
Vlion Vlion
u(t) = Oyenna(t) € [0,7) d(t) = wion(t) € [—Hon, +-en]

TAMU-CC
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Continuous-Time Differential Games

Assume that the zebra wants to get out of the lake as soon as
possible without being captured.

The zebra’s cost is of the form

g, Toxit zebra exits the lake safely at time Teyit
7 4 zebra gets caught when it exits.

A zero-sum game: the lion wants to maximize J;

@ or equivalently minimize J := —Jj.

TAMU-CC
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Continuous-Time Differential Games

Trick to write such a cost in an integral form such as

T
Ji = / gi(t,5(8), u(t), d(B)dt + gi(x(T))

final cost

cost along trajectory
Freeze the state when the zebra reaches the shore, which
amounts to replacing
Tyebra = Uzebra COS Ozebras Uzebra = Uzebra SiN Oebra, Orebra € [0, 27‘-)

and

0’ . Ulion Ulion
lion = Wlion; Wlion | — R’ R

TAMU-CC
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Continuous-Time Differential Games

By [ Vzebra COS ezebra
Vzebra SN Ocbra Tyebra? T Yzebra2 < R?
L.Czebra L Wlion
y.zebra = ~
alion 0
0 Zyebra? T Yzebra? = R?
| O
And then defining
00
J1 = Q(fczebrm Yzebra elion)dt

0
where

2
0 _ 1 T sebra2 + Ysebra2 < R . .
g(xzebray Yzebra, lion) = 1 Zyebra = RcosOlions Yzebra = R sinbjjon (zebra is caught)

0  otherwise (zebra reaches shore away from lion)
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Continuous-Time Differential Games

This game is only meaningful in the context of state-feedback
policies

The lion has no chance of capturing the zebra unless
the lion can see the zebra.

90 Games: Theory and Applications L
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Differential Games with Variable Termination Time

A less convoluted way to formalize pursuit-evasion games
Consider the usual continuous-time dynamics

() = (ot =), w®) ,  di) ), Vtel[0,T]
state game time current P;’s action P»>’s action
derivative dynamics state at time t at time t

but costs to be minimized by each player P; of the form

Tend
= /O gi(t(t), u(t), d())dt + gi(Tond, ©(Tona))

final cost

cost along trajectory
where Tgpq i

o the first time at which the state z(t) enters a closed set
Xona C R™, or

TAMU-CC
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Differential Games with Variable Termination Time

Think of X,,q as the set of states at which the game terminates

e the evolution of x(t) is irrelevant after this time.

The states in Xnq are often called the game-over states.

TAMU-CC
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Continuous-Time Differential Games

Example (Zebra in the lake, continuation)
Game can be formalized as a differential game with dynamics

Tzebra, Vgzebra COS Oyebra

. . Vlion Ulion
y?ebra - Vzebra Slnezebra 5 ezebra S [0»77)7 Wilion € [_ R 7+ R :|
elion Wlion

and a cost

Tend
= [Tt 4 g ()
0
where Tepq is the first time at which the state x(¢) enters the set

3 2 2 2
Xend = {(mzebra; Yzebras eliom) CR?: T ebra + Yzebra, Z R }

of safe configurations for the zebra to reach the shore.

illc TAMU-CC
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Continuous-Time Differential Games

The final cost

q(x> o { 0 if (xzebraa yzebra) 7& (R c0s Blion, R sin elion)

oo otherwise

greatly penalizes the zebra (minimizer) for being caught.
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End of Lecture
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